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1. Introduction
Let X be a finite set of v elements, and let K be a set of positive integers and λ a positive integer. A group divisible design
of index λ and order v, denoted (K , λ)-GDD, is a triple (X,G,B) satisfying the following properties: (1) G is a partition of X
into subsets (called groups); (2)B is a collection of subsets of X (called blocks), each of cardinality from K , such that a group
and a block contain atmost one common element; (3) every pair of elements from distinct groups occurs in exactly λ blocks.
If G contains ti groups of size gi for 1 ≤ i ≤ s, then we call g t11 g t22 · · · g tss the group type (or type) of the GDD. The notation
(k, λ)-GDD is usually employed if K = {k}. A (k, 1)-GDD of type tk is called a transversal design, and is denoted by TD(k, t).
A (3, λ)-GDD of type 1v is commonly called a triple system of index λ and order v, or TS(v, λ). A TS(v, 1) is called a Steiner
triple system of order v, and is denoted by STS(v).
Let α be a positive integer. An α-parallel class of a set X is a collection of subsets of X containing every element of X
exactly α times. A (K , λ)-GDD is α-resolvable if its blocks can be partitioned into α-parallel classes. A 1-parallel class is
called a parallel class and a 1-resolvable GDD is called resolvable. It is well known that a resolvable TD(3, t), or RTD(3, t),
exists if and only if t ≠ 2, 6. A resolvable STS(v) is called a Kirkman triple system, and is denoted by KTS(v). A KTS(v) exists
if and only if v ≡ 3 (mod 6) (see [7]).
In this paper, we focus on the existence of a (3, λ)-GDD of type g tu1. The main result is stated as follows.
Theorem 1.1 (Main Theorem). Let λ be a positive integer, and let g, t, and u be nonnegative integers. There exists a (3, λ)-GDD
of type g tu1 if and only if all of the following conditions are satisfied:
(1) if g > 0, then t ≥ 3, or t = 2 and u = g, or t = 1 and u = 0, or t = 0;
(2) u ≤ g(t − 1) or gt = 0;
(3) λg(t − 1)+ λu ≡ 0 (mod 2) or gt = 0;
(4) λgt ≡ 0 (mod 2) or u = 0;
(5) λg2t(t − 1)/2+ λgtu ≡ 0 (mod 3).
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We first prove the necessity of theMain Theorem. If t = 2, we fix an element x in the group of size g . The number of pairs
containing x is λ(g + u). On the other hand, there are λg blocks containing x, and hence the number of pairs containing x is
2λg . It follows that λ(g + u) = 2λg , which amounts to u = g . Thus (1) holds. Fix an element x in the group of size g . There
are in total λu blocks which contain both x and an element in the group of size u; the other λu elements in these blocks are
obviously in the group of size g . Note that there are in total λg(t − 1) pairs containing both x and an element in the group
of size g; the inequality u ≤ g(t − 1) in (2) then follows if gt ≠ 0. For any fixed element x in a group of size g , the number
of blocks containing x is (λg(t − 1) + λu)/2, which should be an integer. Thus λg(t − 1) + λu ≡ 0 (mod 2) if gt ≠ 0,
i.e. condition (3) follows. Similarly, by considering the number of blocks containing an element in the group with size u, the
congruence equality (4) follows. Since the total number of blocks is (λg2t(t − 1)/2+ λgtu)/3, condition (5) follows.
We call a quadruple (g, t, u, λ) admissibleprovided that the five conditions in theMain Theoremall hold. In the remainder
of this paper, we mainly establish the sufficiency of the Main Theorem. The sufficiency when λ = 1 has been proved by
Colbourn et al. in [4]. The necessary conditions for any index λ and u = 0 or u = g have also been shown to be sufficient;
see for instance [12]. The case of g = 1 has also been handled; it is implied by the existence of incomplete triple systems.
We sum up these known results in a theorem.
Theorem 1.2 ([3,4,12]). The Main Theorem holds for any admissible (g, t, u, λ), where (1) λ = 1, or (2) λ ≥ 1 and u = 0, or
(3) λ ≥ 1 and g = 1.
By Theorem 1.2, we can always assume that g and u are all positive, g ≠ u, and t ≥ 3 when considering the existence
of a (3, λ)-GDD of type g tu1. Section 2 displays several recursive and direct constructions for (3, λ)-GDDs. Section 3 deals
with the existence of a (3, 2)-GDD of type g tu1, where g ≡ 0 (mod 3). In Section 4, further constructions utilizing cyclic
partial triple systems are presented to solve the case when u is relatively large. Finally, in Sections 5 and 6, we solve the
cases λ = 2, 3, 6 and determine the existence spectrum for (3, λ)-GDDs of type g tu1.
2. Recursive and direct constructions
First, we have several classical recursive constructions such as Wilson’s fundamental construction and filling-in-group
constructions.
Lemma 2.1 ([11] Wilson’s Fundamental Construction, WFC). Suppose that (X,G,B) is a (K , λ)-GDD (called the master GDD),
and let w : X → Z+ ∪ {0} be a weight function. For every block B ∈ B , suppose that there is a (3, µ)-GDD (called the ingredient
GDD) of type {w(x) : x ∈ B}. Then there exists a (3, λµ)-GDD of type ∑x∈Gw(x) : G ∈ G.
Lemma 2.2 (Filling Construction I). Let g ≡ 0 (mod s). Suppose that there exist both a (K , λ)-GDD of type g tu1 and a (K , λ)-
GDD of type (g/s)sw1. Then there exists a (K , λ)-GDD of type (g/s)st(w + u)1.
Proof. Place copies of the second GDD on the groups of the first, together withw additional points forming a group in each
copy. 
Corollary 2.3. Let λ = 2, 3, and let t ≥ 4 be even. If there exists a (3, λ)-GDD of type (2g)t/2u1, then so does a (3, λ)-GDD of
type g t(g + u)1.
Proof. Forλ = 2, 3, a (3, λ)-GDDof type g3 exists by Theorem1.2. Since a (3, λ)-GDDof type (2g)t/2u1 exists, the conclusion
then follows by Filling Construction I. 
Lemma 2.4 (Filling Construction II). Let u = sg + x. Suppose that there exist both a (K , λ)-GDD of type g tu1 and a (K , λ)-GDD
of type g sx1. Then there exists a (K , λ)-GDD of type g t+sx1.
Proof. Place a copy of the second GDD on the group of size u of the first GDD to produce the desired design. 
Let X be a set of gt points and K a set of positive integers. A modified group divisible design of index λ, or (K , λ)-MGDD,
is a quadruple (X,G,H,B) satisfying the following properties: (1) G is a partition of X into t g-subsets (called groups), and
H is a partition of X into g t-subsets (called holes); (2) |G ∩ H| = 1 for each G ∈ G and each H ∈ H ; (3)B is a collection of
subsets of X (called blocks), each of cardinality from K , such that a block contains no more than one point of any group and
any hole, and every pair of points from distinct groups and distinct holes occurs in exactly λ blocks. A ({3}, λ)-MGDD with
t groups and g holes is usually denoted by (3, λ)-MGDD(g, t).
Lemma 2.5 ([1]). The necessary and sufficient conditions for the existence of a (3, λ)-MGDD(g, t) are g, t ≥ 3, λ(g−1)(t−1) ≡
0 (mod 2), and λgt(g − 1)(t − 1) ≡ 0 (mod 6).
Lemma 2.6. Let (X,G,B) be a (3, λ)-GDD. Suppose that there exists a (3, λ)-GDD of type |G|tu1 for each G ∈ G, where t ≥ 3.
Then there exists a (3, λ)-GDD of type |X |tu1.
Proof. We form the required GDD with group set {X × {i} : i ∈ It} ∪ {U}, where |U| = u. For each block B ∈ B, place on
B × It a (3, 1)-MGDD(t, 3) (whose existence is assured by Lemma 2.5) with group set GB = {{x} × It , x ∈ B} and hole set
{{x, y, z} × {i} : i ∈ It}. Next, for each G ∈ GB, place on (G× It) ∪ U a (3, λ)-GDD of type |G|tu1 with groups G× {i}, i ∈ It ,
and U . The resultant is a (3, λ)-GDD of type |X |tu1. 
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Lemma 2.7. If there exist both a (3, λ)-MGDD(g, t) and a (3, λ)-GDD of type 1tu1, then so does a (3, λ)-GDD of type g tu1.
Proof. Place copies of the (3, λ)-GDD of type 1tu1 on each hole of the (3, λ)−MGDD(g, t), together with u additional points
forming a group in each copy. 
Corollary 2.8. Let (g, t, u, 2) be an admissible quadruple, where g, t ≥ 3, t ≡ 0, 1 (mod 3), u ≤ t − 1, and u ≡ 0 (mod 3)
if t ≡ 1 (mod 3). Then there is a (3, 2)-GDD of type g tu1.
Proof. For the assumed g, t and u, a (3, 2)-GDD of type 1tu1 and a (3, 2)-MGDD(g, t) exist by Theorem 1.2 and Lemma 2.5.
Hence the conclusion follows by Lemma 2.7. 
Direct constructions for (3, λ)-GDDs are closely related to cyclic partial group divisible designs. A partial group divisible
design, or (K , λ)-PGDD, is a triple (X,G,B) satisfying conditions (1) and (2) of the definition of a (K , λ)-GDD and (3′) every
pair of elements from distinct groups occurs in at most λ blocks. The leave of a (K , λ)-PGDD is the multigraph on vertex set
X in which the edge {x, y} belongs to two distinct groups and appears λ − s times when there are precisely s blocks of B
containing {x, y}. A (3, λ)-PGDD of type 1v is called a partial triple system of index λ and order v, or PTS(v, λ). A PTS(v, 1) is
briefly denoted by PTS(v).
Lemma 2.9. Suppose that there exists a (3, λ)-PGDD of type g tu1 on X, where U ⊆ X is the group of size u. If the pairs of its leave
can be partitioned into s λ-parallel classes of X \ U, then there exists a (3, λ)-GDD of type g t(u+ s)1.
Proof. Adjoin a new point to each of the s λ-parallel classes of X \ U . Bring these s new points into U to form a new group
of size u+ s. 
Lemma 2.10. There exists a (3, 2)-GDD of type g tu1, where u = g(t − 1).
Proof. Take a trivial (3, 2)-PGDD on Zgt of type g t with no block. Obviously its leave can be partitioned into u = g(t − 1)
2-parallel classes. The conclusion then follows by Lemma 2.9. 
An automorphism of a PGDD (X,G,B) is a permutation on X leaving G and B invariant. A PGDD (X,G,B) of type g t is
called cyclic if it admits an automorphism π consisting of a cycle of length gt . Without loss of generality, identify X with
Zgt ,G = {{tj+ i : j ∈ Zg} : i ∈ Zt}, and the automorphism π can be taken as i → i+ 1 (mod gt). Then all blocks of a cyclic
PGDD can be partitioned into some orbits under π . Choose any fixed block from each orbit and then call it a base block. An
orbit is called full if it consists of gt different blocks and is called short otherwise.
Each edge {a, b} of a graph on vertices Zv is assigned to an integer d between 1 and [v/2], called its difference, if |b−a| = d
or v− |b− a| = d. A difference d is called good in Zv if v/gcd(d, v) is even. For a cyclic PGDD on Zv , we can also consider the
orbits of pairs under the automorphism Zv; all edges in an orbit have the same difference between their endpoints.
Lemma 2.11 ([9]). Let v be even, and let D be a subset of [1, v/2]. If D contains a good difference in Zv , then the set of all
unordered pairs of Zv whose difference appears in D can be partitioned into 1-factors.
Lemma 2.12. Let λ = 2, 3, 6, λgt be even, t ≥ 3, u ≡ 0 (mod 6/λ), and u ≤ g(t − 1). Then a (3, λ)-GDD of type g tu1 exists
if all the followings are satisfied:
(1) λg(t − 1) ≡ 0 (mod 6);
(2) if t = 3, then λ ≡ 0 (mod 6), or λ ≡ 3 (mod 6) and g ≡ 1 (mod 2);
(3) if g ≡ 2 (mod 4) and λ ≡ 1 (mod 2), then t ≢ 2, 3 (mod 4);
(4) if g ≡ 1 (mod 2) and λ ≡ 2 (mod 4), then t ≢ 2 (mod 4).
Proof. For the assumed g, t and λ, by [10], there exists a cyclic (3, λ)-GDD of type g t on Zgt with λg(t−1)/6 base blocks. For
u ≡ 0 (mod 6/λ) and u ≤ g(t − 1), deleting λu/6 base blocks yields a (3, λ)-PGDD of type g t , whose leave L is λu-regular.
If λ = 2, 6, then L can obviously be partitioned into u λ-parallel classes. If λ = 3, then gt is even, and any odd difference is
good in Zgt . When we delete base blocks we give priority to those containing a good difference. The leave L has a partition
into 3-parallel classes by Lemma 2.11. Hence a (3, λ)-GDD of type g tu1 exists by Lemma 2.9. 
A Skolem sequence of order k is a list of k pairs (a1, b1), (a2, b2), . . . , (ak, bk), with the property that bi − ai = i andk
i=1{ai, bi} is either {1, 2, . . . , 2k} or {1, 2, . . . , 2k− 1}∪ {2k+ 1}. In the first case, the Skolem sequence is called pure, and
in the second case, it is called hooked. A pure Skolem sequence of order k exists if and only if k ≡ 0, 1 (mod 4); a hooked
sequence exists if and only if k ≡ 2, 3 (mod 4) [5].
Now we construct some cyclic partial triple systems. We use some notations for convenience. For any difference
d ∈ Zv \ {0}, denote the set Od = {{a, a + d} : a ∈ Zv}. For an undirected graph G, let λG denote the multigraph in
which each edge of G is joined exactly λ times.
Lemma 2.13. Let v = 6k+ s, k ≥ 1, 1 ≤ s ≤ 6, and r ≤ v − 1. Then the following hold.
(1) Let r ′ = 7 if s = 2 and k ≡ 2, 3 (mod 4), or r ′ = s − 1 otherwise. For λ = 1, 2, 3, r ≡ r ′ (mod 6/λ) and r ≥ r ′,
there exists a cyclic PTS(v, λ) without short orbit, whose leave L is λr-regular; if v is even, then λOv/2 ⊂ L, and further, if
r < v − 1, then the cyclic PTS(v, λ) has a base block containing a good difference in Zv .
(2) For k ≡ 2, 3 (mod 4), there exists a cyclic PTS(6k+ 2, 2) whose leave is 2r-regular, where r ≡ 1 (mod 3) and r ≥ 4.
(3) For λ = 3, 6, and v ≡ 1 (mod 2), there is a cyclic PTS(v, λ) whose leave L is λr-regular, where r ≡ 0 (mod 6/λ).
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Proof. Let (a1, b1), (a2, b2), . . . , (ak, bk) be a pure (if k ≡ 0, 1 (mod 4)) or hooked (if k ≡ 2, 3 (mod 4)) Skolem sequence of
order k. Forλ = 1, 2, 3, v = 6k+swith s ≠ 2 or k ≢ 2, 3 (mod 4), duplicating each base block {0, ai+k, bi+k} (1 ≤ i ≤ k) λ
times yields a cyclic PTS(v, λ), whose leave L is λ(s− 1)-regular. For even v, obviously λOv/2 ⊂ L.
Let µ = 0 if λ = 1, 3 or µ = 0, 1 if λ = 2. For v = 6k+ 2 with k ≡ 2, 3 (mod 4), take the base block {0, ai + k, bi + k}
with 2k + 1 ∈ {ai, bi} µ times, and also take the other k − 1 base blocks λ times. Then we obtain a cyclic PTS(v, λ) whose
leave is λt-regular, where t = r ′ = 7 and λOv/2 ⊂ L if µ = 0, or t = 4 if µ = 1. Deleting the appropriate number of base
blocks produces a cyclic PTS(v, λ)with a desired leave as in (1) and (2). From the definition of a Skolem sequence, we know
that the cyclic PTS constructed for (1) has no short orbit. Further, for all even v, if r < v− 1, then we can always keep a base
block containing the difference 1, which is good in Zv . Thus (1) and (2) hold.
Finally, let λ = 3, 6 and v ≡ 1 (mod 2). Duplicating each of the base blocks {0, i, 2i}, i = 1, 2, . . . , (v − 1)/2, once or
twice, respectively, for λ = 3 or λ = 6, yields a cyclic TS(v, λ). Then, for r ≡ 0 (mod 6/λ), deleting λr/6 base blocks yields
a cyclic PTS(v, λ), whose leave is λr-regular. This completes the proof. 
Lemma 2.14. Let λ = 2, 3, t ≥ 3, gt = 6k+ s, where k ≥ 1 and 1 ≤ s ≤ 6. Further, if λ = 3, then let gt be even. Let r = 7 if
s = 2 and k ≡ 2, 3 (mod 4), or r = s − 1 otherwise. Let u0 = 2g + r − 2 if g is odd, or u0 = 2g + r − 5 if g is even. Then,
whenever u0 ≤ u ≤ g(t − 1) and u ≡ g(t − 1) (mod 6/λ), there exists a (3, λ)-GDD of type g tu1.
Proof. Wewill construct a (3, λ)-PGDD on Zgt of type g t and then partition its leave into λ-parallel classes to complete the
proof. Let G = {{tj+ i : j ∈ Zg} : i ∈ Zt}.
First, we consider λ = 2. There exists by Lemma 2.13(1) a cyclic PTS(gt, 2) on Zgt without short orbit, whose leave L is
2r-regular (with r as specified in the lemma). Further, if gt is even, then 2Ogt/2 ⊂ L. Let F be the set of base blocks of the
cyclic PTS(gt, 2) such that each base block can produce a difference congruent to 0 (mod t). Then |F | ≤ f , where f = g−1
if g is odd and f = g−2 if g is even. Delete a set of f base blocks containingF . Thus developing under Zgt the remaining base
blocks yields a (3, 2)-PGDD of type g t whose leave L′ is 2u0-regular, where u0 = 2g+ r−2 for odd g and u0 = 2g+ r−5 for
even g (note that the pairswith a difference congruent to 0 (mod t) do not belong to L′). It is immediate to partition the leave
L′ into u0 2-parallel classes of Zgt . So we produce a (3, 2)-GDD of type g tu10 by Lemma 2.9. For u ≥ u0, u ≡ g(t−1) (mod 3),
i.e. u ≡ u0 (mod 3), delete (u− u0)/3 base blocks to form a 3-PGDD of type g t , whose leave is 2u-regular. Similarly, we can
obtain a (3, 2)-GDD of type g tu1 by Lemma 2.9.
Next, we handle λ = 3. For even gt , from the proof of [2, Lemma 3.6], there exists a cyclic (3, 1)-PGDD of type g t with
group set G and block set B, whose leave L is u0-regular, where u0 = 2g + r − 2 for odd g and u0 = 2g + r − 5 for even
g . Further, there is a good difference d in Zgt such that Od ⊂ L. Duplicating each block of B three times produces a cyclic
(3, 3)-PGDD, whose leave is 3L. For u ≥ u0, u ≡ g(t−1) (mod 2), i.e. u ≡ u0 (mod 2), delete (u−u0)/2 base blocks fromB
to form a (3, 3)-PGDD of type g t whose leave L′ is 3u-regular. Since 3Od ⊂ L, the leave L′ can be partitioned into u 3-parallel
classes of Zgt by Lemma 2.11. We thus have a (3, 3)-GDD of type g tu1 by Lemma 2.9. 
3. The case λ = 2 and g ≡ 0 (mod 3)
This section concerns the existence of a (3, 2)-GDD of type g tu1, where g ≡ 0 (mod 3). We will utilize the results on
(4, λ)-GDDs.
Lemma 3.1 ([6,12]).
(1) There exists a (4, 1)-GDD of type 3tu1 if and only if t ≡ 0 (mod 4), u ≡ 0 (mod 3), 0 ≤ u ≤ (3t − 6)/2, or
t ≡ 1 (mod 4), u ≡ 0 (mod 6), 0 ≤ u ≤ (3t − 3)/2, or t ≡ 3 (mod 4), u ≡ 3 (mod 6), 0 ≤ u ≤ (3t − 3)/2.
(2) There exists a (4, λ)-GDD of type g t if and only if t ≥ 4, λg(t − 1) ≡ 0 (mod 3), and λg2t(t − 1) ≡ 0 (mod 12), with the
exception of (g, t, λ) ∈ {(2, 4, 1), (6, 4, 1)}.
Lemma 3.2 ([8]). Let g and u be even, 0 ≤ u ≤ 2g, (g, u) ≠ (2, 0) or (6, 0). Then there is a ({2, 3}, 1)-GDD of type g3 whose
block set can be resolved into u parallel classes containing only blocks of size 2 and g−u/2 parallel classes containing only blocks
of size 3.
Lemma 3.3. The Main Theorem holds for admissible (g, t, u, 2), where t ≡ 3 (mod 6).
Proof. First we treat t = 3 as follows.
(1) Let g be even. Write u = (u1 + u2)/2, where 0 ≤ ui ≤ 2g (i = 1, 2) is even. Since (3, 1)-GDDs of types 23 and 63 exist
by Theorem 1.2, together with Lemma 3.2, there is a (3, 1)-PGDD of type g3 whose leave consists of ui parallel classes of
pairs for i = 1, 2. So we can form a (3, 2)-PGDD of type g3, whose leave can be partitioned into u1 + u2 parallel classes
of pairs. Hence a (3, 2)-GDD of type g3u1 exists by Lemma 2.9.
(2) Let g be odd. By Lemma 3.1, there is a (4, 1)-GDD of type g4. Apply WFC by assigning a weight between 0 and 2 to
each point on a fixed group and weight 1 to any other point. The ingredients needed are (3, 2)-GDDs of types 13w1,
0 ≤ w ≤ 2, which exist by Theorem 1.2. Hence we form a (3, 2)-GDD of type g3u1, 0 ≤ u ≤ 2g .
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Next, let t ≡ 3 (mod 6) and t ≥ 9. Then t = 6n + 3, where n ≥ 1. Form a Kirkman triple system on a t-set E and with
3n + 1 parallel classes P1, P2, . . . , P3n+1. Choose ui, 1 ≤ i ≤ 3n + 1, so that 0 ≤ ui ≤ 2g and u = ∑3n+1i=1 ui. Let U be a set
disjoint with E and |U| = u. Partition U into U1,U2, . . . ,U3n+1 with |Ui| = ui. For each block {x, y, z} in the parallel class
Pi (1 ≤ i ≤ 3n+ 1), we place on (Ig × {x, y, z}) ∪ Ui a (3, 2)-GDD of type g3u1i . Collecting all the blocks yields a (3, 2)-GDD
of type g tu1 with groups U and Ig × {x}, x ∈ E. 
Lemma 3.4. The Main Theorem holds for any admissible (3x, t, u, 2), where t ≥ 3 is odd and x is a positive integer.
Proof. As master GDD, start with a (4, 1)-GDD of type 3t(3(t − 1)/2)1, which exists by Lemma 3.1. Give a weight between
0 and 2x to every point on the long group, and weight x to any other point. The ingredients are (3, 2)-GDDs of types x3w1,
0 ≤ w ≤ 2x, which exist by Lemma 3.3. The resultant is a (3, 2)-GDD of type (3x)tu1, 0 ≤ u ≤ 3x(t − 1). 
Lemma 3.5. The Main Theorem holds for (3x, t, u, 2), where t ≥ 8 is even, and x is a positive integer.
Proof. From the proof of [4, Lemma 2.2], there is a ({4, 7}, 1)-GDD of type 3t(3(t − 2)/2)1, in which precisely one point of
the long group belongs to each block of size 7, and this point does not belong to any block of size 4. Give this point a weight
0 or 5x. Give every other point on the long group a weight between 0 and 2x, and every point not on the long group a weight
x. Then apply WFC to reach the conclusion. The ingredients needed are (3, 2)-GDDs of types x3(w1)1, 0 ≤ w1 ≤ 2x, and
x6(w2)1,w2 = 0, 5x. Their existence is ensured by Theorem 1.2 and Lemmas 2.10 and 3.3. 
Lemma 3.6. Let t = 4, 6, and x ≥ 1. Then there exists a (3, 2)-GDD of type (3x)tu1 for any kx ≤ u ≤ 3x(t − 1), where k = 3 if
t = 4, or k = 1 if t = 6.
Proof. Let m = 6 if t = 4 or m = 8 if t = 6. For the assumed m, k, and t , from the proof of [4, Lemmas 2.3 and 2.4], there
is a ({3, 4}, 1)-GDD of type 3tm1, in which precisely k points of the long group belong to the blocks of size 3. Apply WFC by
assigning each of these k points a weight x, each of the otherm− k points on the long group a weight between 0 and 2x, and
any of the other points a weight x. The ingredients are (3, 2)-GDDs of types x3w1, 0 ≤ w ≤ 2x, which exist by Lemma 3.3.
Then we obtain a (3, 2)-GDD of type (3x)tu1, kx ≤ u ≤ kx+ 2x(m− k) = 3x(t − 1). 
Lemma 3.7. The Main Theorem holds for any admissible (6x, t, u, 2), where t = 4, 6 and x is a positive integer.
Proof. For (x, t) ≠ (1, 4), there is a (4, 1)-GDD of type (6x)t by Lemma 3.1. Give each point on a given group a weight
between 0 and 2. Give any of the other points a weight 1. Now apply WFC with the ingredient (3, 2)-GDDs of types 13w1,
0 ≤ w ≤ 2, which exist by Theorem 1.2. This handles 0 ≤ u ≤ 12x. Combining with Lemma 3.6 leaves the case of x = 1,
t = 4, and u ≤ 5 unsolved. Apply WFC to a (4, 1)-GDD of type 35 as master GDD, which exists by Lemma 3.1. Assign a
weight between 0 and 4 to each point on a given group and weight 2 to any other point. The ingredients are (3, 2)-GDDs
of types 23w1, 0 ≤ w ≤ 4, which exist by Lemma 3.3. Thus we form a (3, 2)-GDD of type 64u1, where 0 ≤ u ≤ 12. This
completes the proof. 
Corollary 3.8. The Main Theorem holds for any admissible (3, t, u, 2).
Proof. By Lemmas 3.4–3.6, it suffices to consider the existence of a (3, 2)-GDD of type 34u1, where u < 3. To form such a
GDD, apply WFC again with a (4, 1)-GDD of type 35 as master GDD. Assign a weight 0 or 1 to each point on a given group
and weight 1 to all other points. The ingredients are (3, 2)-GDDs of types 13 and 14, which exist by Theorem 1.2. 
Lemma 3.9. The Main Theorem holds for any admissible (g, t, u, 2), where g ≡ 0 (mod 3).
Proof. By Lemmas 3.4–3.7, it remains to consider t = 4, 6, g ≡ 3 (mod 6) and u < g if t = 4, or u < g/3 if t = 6.
Form a KTS(g) (X,B)with parallel classes P1, P2, . . . , P(g−1)/2. Let U be a set disjoint with X and |U| = u. Partition U into
(g − 1)/2 disjoint subsets U1,U2, . . . ,U(g−1)/2 so that |Ui| = ui with u1 ≤ 3(t − 1) and ui ≤ 2(t − 1) for 2 ≤ i ≤ (g − 1)/2.
For 2 ≤ i ≤ (g − 1)/2 and each block B ∈ Pi, on B × It we construct a (3, 2)-GDD of type t3u1i containing each block
of Q Bi twice, where Q
B
i = {B × {i} : i ∈ It}. Deleting 2Q Bi forms the block set ABi (note that, as in the proof of Lemma 3.3,
such a (3, 2)-GDD can be obtained by a similar way of collecting two (3, 1)-PGDDs of type t3 on B × It , both of which can
be assumed to contain the same parallel class Q Bi ).
Then we treat B ∈ P1 by placing on (B × It) ∪ U1 a (3, 2)-GDD of type 3tu11 (which exists by Corollary 3.8) with groups
B× {i}, i ∈ Zt , and U1. Let the block set beAB1.
Finally, it is immediate thatC =(g−1)/2i=1 ABi forms the block set of a (3, 2)-GDD on (X×It)∪U with groups X×{i}, i ∈ It ,
and U . 
Lemma 3.10. The Main Theorem holds for any admissible (2, t, u, λ), where λ = 2, 3.
Proof. First, let t ≡ 0 (mod 3) and (g, t, u, λ) ≠ (2, 6, 1, 2). A (3, 3)-GDD of type g tu1 exists, since a (3, 1)-GDD of the
same type exists. For any admissible (2, t, u, 2)with t ≥ 9, there are (3, 2)-GDDs of types 6t/3(u− 4)1 (4 ≤ u ≤ 2(t − 1))
and 6t/3u1(u ≤ 4) by Lemma 3.9. Since (3, 2)-GDDs of types 2341 and 23 exist by Lemma 3.3, a (3, 2)-GDD of type 2tu1 also
exists by Filling Construction I. Then we should treat λ = 2 and t = 3, 6. Lemma 3.3 handles t = 3. Corollary 2.3 solves the
case when t = 6 and u ≥ 2, since a (3, 2)-GDD of type 43(u− 2)1 exists by Lemma 3.3.
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Next, let t ≡ 1, 2 (mod 3). Note that 2(t − 1) − u ≡ 0 (mod 6/λ), since (2, t, u, λ) is admissible. By Lemma 2.14,
there exists a (3, λ)-GDD of type 2tu1 whenever u0 ≤ u ≤ 2(t − 1) and u ≡ 2(t − 1) (mod 6/λ), where u0 = 0 if
t ≡ 1, 4 (mod 12), or u0 = 6 if t ≡ 7, 10 (mod 12), or u0 = 2 if t ≡ 2 (mod 3). It remains to consider the existence of a
(3, λ)-GDD of type 2tu1, where t ≡ 7, 10 (mod 12), u ≤ 5, and u ≡ 2(t − 1) (mod 6/λ). For such an admissible (2, t, u, λ)
with λ = 2, 3, it is checked that (2, t − 3, u+ 6, λ) is admissible. By arguments as above, there exist (3, λ)-GDDs of types
2t−3(u+ 6)1 (t ≥ 10) and 23u1. Apply Filling Construction II to form a (3, λ)-GDD of type 2tu1 for t ≥ 10.
Finally, use Lemma 2.12 to treat (g, t, u, λ) = (2, 7, 3, 2) and see the Appendix for the direct constructions when
(g, t, u, λ) = (2, 6, 1, 2), (2, 7, 4, 3). 
4. Further constructions using cyclic partial triple systems
This section employs cyclic partial triple systems to construct a (3, λ)-GDD of type g tu1. A wide range of possible cases
will be handled by this method.
Lemma 4.1. Let g be even, t ≥ 3, and λ = 2, 3, 6. Suppose that there is a cyclic PTS(g) which contains a base block having
a good difference and whose leave L is r-regular. Let m = 0 if r = g − 1 or 0 ≤ m ≤ t − 1 if r ≤ g − 2. Further, let
0 ≤ v ≤ 2(t−1) such that a (3, λ)-GDD of type 2tv1 exists. Then there is a (3, λ)-GDD of type g t((r−1)(t−1)+6m/λ+v)1.
Proof. Let G = {∞1,∞2, . . . ,∞v}, X = (Zg × It) ∪ G, and G = {Zg × {i} : i ∈ It} ∪ {G}. For D ⊆ Zg , x ∈ Zg , denote
D+ x = {d+ x : d ∈ D} and dev(D) = {D+ x : x ∈ Zg}. ForΩ ⊆ Zg × It , x ∈ Zg , denoteΩ + x = {(d+ x, i) : (d, i) ∈ Ω}
and dev(Ω) = {Ω + x : x ∈ Zg}.
If r ≤ g − 2, then take all base blocks of a cyclic PTS(g) on Zg with an r-regular leave λ times. Thus we form a PTS(g, λ)
on Zg . Let its base blocks be S1, S2, . . . , Sn. Moreover, its leave L is λr-regular, and obviously λOg/2 ⊂ L. Note that g/2 is a
good difference in Zg . By Lemma 2.11, L can be partitioned into r λ-parallel classes, say F1, F2, . . . , Fr , where we can assume
that Fr consists of λ repeated 1-factors. Let L1 ={a,b}⊆S1 dev({a, b}), where S1 is a base block containing a good difference
in Zg . By Lemma 2.11, L1 has a 1-factorization and hence can be partitioned into 6/λ λ-parallel classes, say H1,H2, . . . ,H6/λ.
For each repeated pair P ∈ Fr , we construct on (P× It)∪G a (3, λ)-GDD of type 2tv1 with group set {P×{i} : i ∈ It}∪ {G}
and block setDP . SetD =P∈Fr DP .
For each 2 ≤ i ≤ n, construct on Si × It a TD(3, t)with group set {{x} × It : x ∈ Si}. Further, suppose that Si × {j}, j ∈ It ,
are blocks. Delete them to form a new block set Ci.
Next, we employ the base block S1. If m = 0, we deal with S1 as above, as we did for Si (2 ≤ i ≤ n), and similarly we
form a block set C1. So, suppose thatm ≥ 1. If t ≠ 6, construct an RTD(3, t) on S1 × It with group set {{x} × It : x ∈ S1} and
t parallel classes, Pk, 0 ≤ k ≤ t − 1, where we can suppose that P0 = {S1 × {i} : i ∈ It}. By deletingm+ 1 parallel classes
Pk, 0 ≤ k ≤ m, we obtain a (3, 1)-PGDD with block set C1. If t = 6 and m ≥ 1, by Lemma 3.2, there is a (3, 1)-PGDD with
group set {{x} × It : x ∈ S1} possessing 6 − m parallel classes of triples (suppose that P0 is such a parallel class); and its
leave can be partitioned into 2m parallel classes of S1× It , say Q1,Q2, . . . ,Q2m. DeleteP0 from this (3, 1)-PGDD to form the
block set C1.
After that, define C = 1≤i≤n dev(Ci) and B = CD . One can check that (X,G,B) forms a (3, λ)-PGDD of type
g tv1 with leave L. By the previous construction, L consists of two parts L1 and L2, where L1 = {{(a, i), (b, j)} : {a, b} ∈
L \ Fr , i ≠ j ∈ It}, andL2 contains all the pairs inmk=1 dev(Pk) if t ≠ 6 or2mk=1 dev(Qk) if t = 6.
Then we partitionL into (r − 1)(t − 1)+ 6m/λ λ-parallel classes of Zg × It to complete the proof. For {a, b} ∈ L \ Fr and
1 ≤ i ≤ t − 1, take f iab = {{(a, j), (b, j + i)} : 0 ≤ j ≤ t − 1}. Then we have t − 1 disjoint 1-factors of {a, b} × It . For each
pair {a, b} contained in dev(S1) and 1 ≤ k ≤ m, obviously {{(a, x), (b, y)} : {(a, x), (b, y), (c, z)} ∈ dev(Pk)} is a 1-factor of
{a, b} × It . Thus, for t ≠ 6, we have m disjoint 1-factors of {a, b} × It , which we denote by f 1ab, f 2ab, . . . , f mab (this can also be
done even for t = 6, which we will explain at the end of the proof). Define
Dij =

{a,b}∈Fj
f iab, for 1 ≤ i ≤ t − 1 and 1 ≤ j ≤ r − 1,
Ekl =

{a,b}∈Hl
f kab, for 1 ≤ l ≤ 6/λ, 1 ≤ k ≤ m.
It is readily checked that the union of these Dij’s and E
k
l ’s equalsL, forming (r−1)(t−1)+6m/λ λ-parallel classes of Zg× It .
So Lemma 2.9 can be applied to form a (3, λ)-GDD of type g t((r − 1)(t − 1)+ 6m/λ+ v)1.
Finally, we make sure that, for t = 6, in the leaveL2, we also havem 1-factors of {a, b}× It for each pair {a, b} ∈ Hl (1 ≤
l ≤ 6/λ). Let S1 = {a′, b′, c ′}. Recall the construction in [8] for the (3, 1)-PGDD of type 63 we used for t = 6, i.e., the
({2, 3}, 1)-GDD of type 63 with properties as in Lemma 3.2. If we take the group set {{a} × It : a ∈ S1}, then, for m = 1,
its leave Q1 ∪ Q2 can be arranged as {((a′, x), (b′, x − 1)), ((a′, x + 3), (c ′, x + 2)), ((b′, x + 2), (c ′, x − 1)) : x ∈ It} (the
calculation taken modulo t). So the desired 1-factor obviously exists. If m ≥ 2, then the (3, 1)-PGDD of type 63 actually
forms by further breaking upm−1 parallel classes of triples into pairs (and carrying them over to the leave). So, in a similar
fashion,m 1-factors of {a, b} × It can be obtained. This completes the proof. 
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Lemma 4.2. Let t ≥ 3 and λ = 2, 6. Let m = 0 if r = g − 1 or 0 ≤ m ≤ t − 1 if r ≤ g − 2. Suppose that there is a
cyclic PTS(g, λ)whose leave is λr-regular. Further, let 0 ≤ v ≤ t − 1, such that a (3, λ)-GDD of type 1tv1 exists. Then there is a
(3, λ)-GDD of type g t(r(t − 1)+ 6m/λ+ v)1.
Proof. We start with a cyclic PTS(g, λ) on Zg with a λr-regular leave L. Let S1, S2, . . . , Sn be the base blocks. Since λ is even,
the leave L and

{a,b}⊂S1 dev({a, b}) can be immediately partitioned into r and 6/λ λ-parallel classes of Zg even if g is odd.
The following construction parallels the proof of Lemma 4.1, except when we construct the block setD . Instead, for each
i ∈ Zg , we construct a (3, λ)-GDD of type 1tv1 on ({i} × It) ∪ Gwith long group G and block setDi. Then, setD =i∈Zg Di
instead. The details of verification are omitted. 
Next, we present a similar construction for a (3, 3)-GDD of type g tu1 if t is even.
Lemma 4.3. Let t be even, and let t ≥ 4. Suppose that there is a cyclic PTS(g, 3)whose leave is 3r-regular. Let m = 0 if r = g−1
or 0 ≤ m ≤ t−1 if r ≤ g−2. Further, let 0 ≤ v ≤ t−1, such that a (3, 3)-GDD of type 1tv1 exists. Then there is a (3, 3)-GDD
of type g t(r(t − 1)+ 2m+ v)1.
Proof. We follow the idea of [4, Lemma 3.5]. We also refer to [2, Lemma 6.4] for a more detailed description. Let G =
{∞1,∞2, . . . ,∞v}, X = (Zg× It)∪G, and G = {Zg×{i} : i ∈ It}∪{G}. We construct a 3-PGDD of type g tv1 on X with group
set G, whose leave can be partitioned into 3-parallel classes. ForΩ ⊆ Zg × It , we use the notation dev(Ω) as in Lemma 4.1.
By the assumption, for each i ∈ Zg , there is a (3, 3)-GDD of type 1tv1 on ({i} × It) ∪ Gwith G as the long group and with
block setDi. SetD =i∈Zg Di.
Let S1, S2, . . . , Sn be the base blocks of the cyclic PTS(g, 3) on Zg , whose 3r-regular leave is L. For each 2 ≤ i ≤ n, construct
on Si × It a TD(3, t) with group set {{x} × It : x ∈ Si} and having a parallel class Pi = {Si × {j} : j ∈ It}. Delete Pi to form a
new block set Ci.
Let S1 = {a, b, c}. If m = 0, we deal with S1 as Si (2 ≤ i ≤ n) to form a block set C1. So, suppose that m ≥ 1. For t ≥ 6
and t ≠ 12, there is an RTD(3, t/2) on S1 × {2k : 0 ≤ k ≤ t/2− 1}with group set {{x} × {2k : 0 ≤ k ≤ t/2− 1} : x ∈ S1}
and t/2 parallel classes P1, P2, . . . , Pt/2, where we can suppose that P1 = {S1 × {2k} : 0 ≤ k ≤ t/2 − 1}. For
B = {(a, 2i), (b, 2j), (c, 2k)} ∈ Pl, 1 ≤ l ≤ t/2, let GB = {{a} × {2i, 2i + 1}, {b} × {2j, 2j + 1}, {c} × {2k, 2k + 1}}.
DefineM = (t −m+ 1)/2 ifm is odd, orM = (t −m+ 2)/2 ifm is even. We proceed withM parallel classes as follows.
Take any block B = {(a, 2i), (b, 2j), (c, 2k)} ∈ Pl, l = 1 ifm is odd, or l = 1, 2 ifm is even. Form a (3, 1)-PGDD of type 23
with group set GB and block setAB, where
AB = {{(a, 2i), (b, 2j), (c, 2k)}, {(a, 2i+ 1), (b, 2j+ 1), (c, 2k+ 1)}},
and the second components are modulo t .
For any block B = {(a, 2i), (b, 2j), (c, 2k)} ∈ Pl, 2 ≤ l ≤ M ifm is odd, or 3 ≤ l ≤ M ifm is even, take a (3, 1)-GDD with
group set GB. Also, denote its block set byAB.
Define C1 = B∈Pl,1≤l≤M{dev(A) : A ∈ AB},C = ni=1 Ci, and B = DC. Then we produce a (3, 3)-PGDD of type
g tv1 with leave L. By a similar fashion as in the proof of [2, Lemma 6.4], we can partition L into a total of 3r(t − 1) + 6m
1-factors of Zg × It . ThusL can be partitioned into r(t − 1)+ 2m 3-parallel classes. By Lemma 2.9, there is a (3, 3)-GDD of
type g t(r(t − 1)+ 2m+ v)1 for t ≥ 6 and t ≠ 12.
If t = 4, then we utilize on S1 × I4 an RTD(3, 4) and further empty some parallel classes, and go on similarly. Finally, for
t = 12 and any admissible (g, 12, u, 3), a (3, 3)-GDD of type g12u1 always exists, since a (3, 1)-GDD of the same type exists.
This completes the proof. 
Lemma 4.4. For an admissible quadruple (g, t, u, λ), a (3, λ)-GDD of type g tu1 exists whenever
(1) λ = 2, 3, and g ≡ 2, 8 (mod 24);
(2) λ = 2, 3, g ≡ 4 (mod 6), and u ≥ 2(t − 1);
(3) λ = 3, g ≡ 14, 20 (mod 24), and u ≥ 6(t − 1);
(4) λ = 2, g ≡ 14, 20 (mod 24) or g ≡ 5 (mod 6), and u ≥ 4(t − 1);
(5) λ = 2 and g ≡ 1 (mod 6);
(6) λ = 3, 6, and g ≡ 1 (mod 2).
Proof. Suppose that g = 6k+ s, where k ≥ 1 and 1 ≤ s ≤ 6.
Let
r ′ =

4, λ = 2, s = 2, and k ≡ 2, 3 (mod 4);
7, λ = 3, s = 2, and k ≡ 2, 3 (mod 4);
0, λ = 3, 6, and g is odd;
s− 1, otherwise.
First, we treat (1)–(3). If (r ′ − 1)(t − 1) ≤ u ≤ (g − 2)(t − 1), then first take 0 ≤ x ≤ 2(t − 1), x ≡ u− (r ′ − 1)(t − 1)
(mod 6/λ). We can check that (2, t, x, λ) is admissible if (g, t, u, λ) is admissible as in (1)–(3). Thus a (3, λ)-GDD of type
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2tx1 exists by Lemma 3.10. Next, choose r ≤ g − 2, r ≡ r ′ (mod 6/λ) such that 0 ≤ u − (r − 1)(t − 1) − x = 6m/λ
and 0 ≤ m ≤ t − 1. Thus u = (r − 1)(t − 1) + 6m/λ + x. By Lemma 2.13, there is a cyclic PTS(g) with a base
block having a good difference and whose leave is r-regular. Hence there is a (3, λ)-GDD of type g tu1 by Lemma 4.1. If
(g − 2)(t − 1) < u ≤ g(t − 1), then take r = g − 1, m = 0, and x = u − (g − 2)(t − 1). A (3, λ)-GDD of type g tu1 also
exists by Lemma 4.1.
Next, we handle (4)–(6). First, if r ′(t − 1) ≤ u ≤ (g − 1)(t − 1), then take 0 ≤ x ≤ t − 1, x ≡ u− r ′(t − 1) (mod 6/λ).
It can be checked that (1, t, x, λ) is admissible if (g, t, u, λ) is admissible as in (4)–(6). So there is a (3, λ)-GDD of type 1tx1
by Theorem 1.2. Next, choose r ≤ g − 2, r ≡ r ′ (mod 6/λ), 0 ≤ u − r(t − 1) − x = 6m/λ and 0 ≤ m ≤ t − 1.
Then u = r(t − 1) + 6m/λ + x. By Lemma 2.13, there is a cyclic PTS(g, λ) with a λr-regular leave. Consequently, there
is a (3, λ)-GDD of type g tu1 by Lemma 4.2 or 4.3. If (g − 1)(t − 1) < u ≤ g(t − 1), then take r = g − 1, m = 0, and
x = u− (g − 1)(t − 1). A (3, λ)-GDD of type g tu1 also exists by Lemma 4.2 or 4.3. 
5. Solution when λ = 2, 3, 6
With the preparations in the preceding sections, we may solve the cases when λ = 2, 3, 6.
Lemma 5.1. The Main Theorem holds for any admissible (g, t, u, 2) with g ≡ 4 (mod 6).
Proof. By Lemma 4.4(2), we can restrict attention to u < 2(t − 1). The first case is g = 4. We divide it into three subcases
as follows.
(1) t ≡ 0 (mod 3). The case t = 3 is solved by Lemma 3.3. For t ≥ 9 and u < 2(t − 1), use Filling Construction I to (3, 2)-
GDDs of types 12t/3u1 and 43 to form one of type 4tu1. The required GDDs exist by Theorem 1.2 and Lemma 3.9. Next, let
t = 6. For u ≤ 8, employWFC with a (4, 1)-GDD of type 27 as master GDD, which exists by Lemma 3.1. Assign a weight
between 0 and 4 to every point on a given group and weight 2 to any other point. The ingredients are (3, 2)-GDDs of
types 23w1, 0 ≤ w ≤ 4, which exist by Lemma 3.10. Thus we have solved t = 6 and u ≤ 8; and there only remains the
type 4691. Then use Corollary 2.3 to obtain the desired GDD, since a (3, 2)-GDD of type 8351 exists by Lemma 3.3.
(2) t ≡ 1 (mod 3). We must have u ≡ 0 (mod 3). A (3, 2)-GDD of type 4tu1 exists by Lemma 2.12.
(3) t ≡ 2 (mod 3). We have u ≡ 1 (mod 3). By Lemma 2.14, a (3, 2)-GDD of type 4tu1 exists if u ≥ 2g + 2 = 10. So we
only need to treat u = 1, 7. For t = 8 and u = 1, or t ≥ 11 and u = 1, 7, use Filling Construction II with (3, 2)-GDDs
of types 4t−3(12 + u)1 and 43u1 to form one of type 4tu1. For t = 8 and u = 7, use Corollary 2.3 with a (3, 2)-GDD of
type 8431, which exists by Lemma 4.4(1). For t = 5 and u = 1, 7, we can construct the desired GDDs directly; see the
Appendix.
The next case is g = 10 and u < 2(t − 1). Two subcases are distinguished.
(1) t ≡ 0, 1 (mod 3). There exist (3, 2)-GDDs of type 2341, 2tu1, and 4tu1 by Lemma 3.10 and the above discussion. Thus a
(3, 2)-GDD of type 10tu1 with u ≤ 2(t − 1) exists by Lemma 2.6.
(2) t ≡ 2 (mod 3). Wemust have u ≡ 1 (mod 3). By Lemma 2.14, a (3, 2)-GDD of type 10tu1 exists if u ≥ 2g+2 = 22. For
t ≥ 11 and u ≤ 19, or t = 8 and u ≤ 10, apply Filling Construction II to (3, 2)-GDDs of types 10t−3(30+ u)1 and 103u1
to form one of type 10tu1. If t = 8 and u = 13, 16, 19, then use Corollary 2.3, since a (3, 2)-GDD of type 204(u − 10)1
exists by Lemma 2.12. For t = 5 and u = 1, 4, 7, 10, 13, 16, 19, see the Appendix for direct constructions.
Then, we treat g = 16 and u < 2(t − 1). Use Lemma 2.6 with (3, 2)-GDDs of types 44 and 4tu1 to obtain a (3, 2)-GDD of
type 16tu1.
Finally, if g ≡ 4 (mod 6), g ≥ 22, and u < 2(t − 1), then write g = 6n+ 4, n ≥ 3. Apply Lemma 2.6 to (3, 2)-GDDs of
types 6n41, 6tu1, and 4tu1 to form the desired GDD. The required GDDs of types 6n41 and 6tu1 exist by Lemma 3.9. 
Lemma 5.2. The Main Theorem holds for any admissible (g, t, u, 2) with g ≡ 5 (mod 6) or g ≡ 14, 20 (mod 24).
Proof. By Lemma 4.4(4), we can restrict attention to u < 4(t−1). The case of t ≡ 3 (mod 6) has been solved by Lemma 3.3.
First, we treat g = 5, 11, 14, 17 by distinguishing the following cases.
(1) Even t ≥ 6 and u ≥ g . Since a (3, 2)-GDD of type (2g)t/2(u− g)1 exists by Lemma 5.1, a (3, 2)-GDD of type g tu1 exists
by Corollary 2.3.
(2) t ≡ 1, 5 (mod 6) and u ≥ 2g + 2. This has been treated by Lemma 2.14.
(3) Even t ≥ 8 and u < g , or t ≡ 1, 5 (mod 6), t ≥ 11, and u < 2g + 2. Since a (3, 2)-GDD of type g t−3(3g + u)1 exists by
the above arguments, apply Filling Construction II with a (3, 2)-GDD of type g3u1 to obtain one of type g tu1.
Thus we miss the following cases (for g = 5, 11, 14, 17): t = 4 and u < 4(t − 1) = 12, or t = 6 and u < min{g, 20}, or
t = 5, 7, u < min{2g + 2, 4(t − 1)}. We handle them according to g respectively.
(1) g = 5. For (t, u) ∈ {(4, 3), (4, 6), (4, 9), (7, 3), (7, 6), (7, 9)}, a (3, 2)-GDD of type 5tu1 exists by Lemma 2.12. For
(t, u) ∈ {(6, 1), (6, 2), (6, 3), (6, 4)}, use Corollary 2.8. See the Appendix for direct constructions for other types 5tu1,
where (t, u) ∈ {(5, 2), (5, 8), (5, 11)}.
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(2) g = 11. If u ≤ 2(t − 1), then we can use Lemma 2.6 to obtain a (3, 2)-GDD of type 11tu1, since (3, 2)-GDDs of types
3321, 3tu1, and 2tu1 exist by Lemmas 3.9 and 3.10. For t = 4, 7, use Lemma 2.12 to form a (3, 2)-GDD of type 11tu1.
Then see the Appendix for the remaining type 115141.
(3) g = 14. If u ≤ 3(t − 1), then use Lemma 2.6 to obtain a (3, 2)-GDD of type 14tu1, since (3, 2)-GDDs of types 3351, 3tu1,
and 5tu1 exist by Corollary 3.8 and the above discussion. Then use Lemma 2.12 to treat the type 147211.
(4) g = 17. For t = 4, 6, 7 and u ≤ 4(t− 1), use Lemma 2.6 to obtain a (3, 2)-GDD of type 17tu1, since (3, 2)-GDDs of types
4351, 4tu1, and 5tu1 exist by Lemma 5.1 and the above discussion. For t = 5 and u < 3(t− 1), again apply Lemma 2.6 to
(3, 2)-GDDs of types 3451, 3tu1, and 5tu1. Thenwe only need to construct a (3, 2)-GDD of type 175141; see the Appendix.
The next case is g = 20. Apply Lemma 2.6 to (3, 2)-GDDs of types 54 and 5tu1 to obtain a (3, 2)-GDD of type 20tu1, where
u < 4(t − 1). The required designs exist by the above arguments.
Finally, for g ≥ 23, write g = 6n+ 5, where n ≥ 3. Apply Lemma 2.6 to (3, 2)-GDDs of types 6n51, 6tu1, and 5tu1, where
u < 4(t − 1) and the required designs exist by Lemma 3.9 and the above arguments. For g ≡ 14, 20 (mod 24) and g ≥ 38,
write g = 6n+ 8, where n ≥ 5. Apply Lemma 2.6 to (3, 2)-GDDs of types 6n81, 6tu1, and 8tu1, where u < 4(t − 1) and the
required designs exist by Lemmas 3.9 and 4.4(1). 
By combining Lemmas 3.9, 4.4, 5.1 and 5.2, we complete the case of λ = 2.
Corollary 5.3. The Main Theorem holds for λ = 2.
Lemma 5.4. The Main Theorem holds for any admissible (g, t, u, 3) with g ≡ 0, 4 (mod 6).
Proof. For g ≡ 0 (mod 6), a (3, 3)-GDD of type g tu1 exists, since a (3, 1)-GDD of the same type exists. For g ≡ 4 (mod 6),
by Lemma 4.4(2), we can restrict attention to even u < 2(t − 1). Lemma 2.12 can treat the case g = 4. If g ≥ 10, then write
g = 2 · 3n + 4, where n ≥ 1. Then apply Lemma 2.6 to (3, 3)-GDDs of types 23n41, 2tu1, and 4tu1. The required designs
exist by Lemma 3.10 and the above arguments for g = 4. 
Lemma 5.5. The Main Theorem holds for any admissible (g, t, u, 3), where g ≡ 14, 20 (mod 24).
Proof. By Lemma 4.4(3), we can restrict attention to even u < 6(t − 1).
For g ≥ 26, write g = 6n + 8, where n ≥ 3. A (3, 3)-GDD of type 6tu1 exists by Lemma 5.4. A (3, 3)-GDD of type 8tu1
exists by Lemma 4.4. So, applying Lemma 2.6 to (3, 3)-GDDs of types 6n81, 6tu1, and 8tu1 yields one of type g tu1.
If g = 20, then use Lemma 2.12 to form a (3, 3)-GDD of type 20tu1.
Finally, we treat g = 14 and u < 6(t − 1) by distinguishing the following cases:
(1) u ≤ 2(t − 1). The desired (3, 3)-GDDs exist by Lemma 2.6, since (3, 3)-GDDs of types 27 and 2tu1 exist by Theorem 1.2
and Lemma 3.10.
(2) t = 3, 6. A (3, 3)-GDD of type 14tu1 exists, since a (3, 1)-GDD of the same type exists.
(3) t = 4, 5, 8. Use Lemma 2.12 to obtain a (3, 3)-GDD of type 14tu1.
(4) t = 7 and 2(t − 1) < u < 6(t − 1). See the Appendix for direct constructions. (The types are 147u1, where u is even
and 16 ≤ u ≤ 34.)
(5) t ≥ 9. A (3, 3)-GDD of type 14tu1 exists if u ≥ 30 by Lemma 2.14. To obtain a (3, 3)-GDD of type 14tu1 with even u ≤ 28,
apply Filling Construction II to (3, 3)-GDDs of types 14t−3(42+ u)1 and 143u1. 
Lemmas 4.4, 5.4 and 5.5 complete the case of λ = 3.
Corollary 5.6. The Main Theorem holds for λ = 3.
Corollary 5.7. The Main Theorem holds for λ = 6.
Proof. Lemma 2.12 handles any admissible (g, t, u, 6), where g is even. Lemma 4.4 solves the case when g is odd. 
6. Sufficiency of the Main Theorem
Now we are in a position to establish the sufficiency of the Main Theorem.
When λ ≡ 1, 5 (mod 6), admissible (g, t, u, λ) implies that (g, t, u, 1) is admissible. Since there exists a (3, 1)-GDD of
type g tu1 by Theorem 1.2, by repeating each block λ times we form a (3, λ)-GDD of type g tu1.
When λ ≡ 2, 4 (mod 6), admissible (g, t, u, λ) implies that (g, t, u, 2) is admissible. There exists by Corollary 5.3 a
(3, 2)-GDD of type g tu1. The sufficiency follows by repeating each block λ/2 times.
When λ ≡ 3 (mod 6), similarly (g, t, u, 3) is admissible. There exists by Corollary 5.6 a (3, 3)-GDD of type g tu1.
Repeating each block λ/3 times yields a (3, λ)-GDD of type g tu1.
When λ ≡ 0 (mod 6), (g, t, u, 6) is admissible. By Corollary 5.7, there is a (3, 6)-GDD of type g tu1. By repeating each
block λ/6 times, the conclusion then follows.
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Appendix
Construct a cyclic (3, λ)-PGDD of type g t on Zgt , whose leave is λu-regular. The groups are {it + j : i ∈ Zg}, j ∈ Zt . The
base blocks are listed in the following table.
(g, t, u, λ) Base blocks Employed in
(2, 6, 1, 2) {0, 1, 11}, {0, 3, 8}, {0, 2, 9} Lemma3.10
(2, 7, 4, 3) {0, 1, 4}, {0, 2, 8}, {0, 1, 3}, {0, 4, 9} Lemma3.10
(4, 5, 1, 2) {0, 1, 4}, {0, 2, 9}, {0, 1, 8}, {0, 2, 6}, {0, 3, 9} Lemma 5.1
(10, 5, 1, 2) 2{0, 1, 24}, 2{0, 9, 21}, {0, 4, 22}, {0, 6, 13}, {0, 2, 19}, {0, 3, 16},
{0, 6, 14}, {0, 4, 11}, {0, 2, 18}, {0, 8, 19}, {0, 3, 17}
Lemma 5.1
(5, 5, 2, 2) 2{0, 4, 11}, 2{0, 2, 8}, 2{0, 3, 12} Lemma 5.2
(11, 5, 14, 2) 2{0, 1, 17}, 2{0, 2, 24}, 2{0, 3, 26}, 2{0, 4, 11}, 2{0, 6, 14} Lemma 5.2
(17, 5, 14, 2) 2{0, 1, 39}, 2{0, 2, 33}, 2{0, 3, 37}, 2{0, 4, 11}, 2{0, 6, 14},
2{0, 9, 21}, 2{0, 13, 29}, 2{0, 17, 36}, 2{0, 18, 41}
Lemma 5.2
(14, 7, 16, 3) 3{0, 13, 29}, 3{0, 17, 36}, 3{0, 18, 41}, 3{0, 22, 46}, 3{0, 9, 47}, 3{0, 4, 34},
3{0, 2, 39}, 3{0, 1, 6}, 3{0, 12, 44}, 3{0, 8, 48}, 3{0, 10, 25}, {0, 11, 31}
Lemma 5.5
Deleting some base blocks also yields a cyclic (3, λ)-PGDD of type g t , whose leave is λu-regular, where (g, t, u, λ) ∈ A =
{(10, 5, u, 2) : u = 4, 7, 10, 13, 16, 19}{(4, 5, 7, 2), (5, 5, 8, 2), (5, 5, 11, 2)}{(14, 7, u, 3) : u even, 18 ≤ u ≤ 34}. By
Lemma 2.9, partitioning the leave into λ-parallel classes yields a (3, λ)-GDD of type g tu1 for (g, t, u, λ)which either belongs
to A or is listed in the table.
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